We study the nonlinear dynamics of spherical colloids under the influence of a pressure driven flow at vanishing Reynolds number. The colloids are confined between two parallel planar walls with a distance comparable to the particle diameter and they interact hydrodynamically via the solvent. We show that the bounded Poiseuille flow gives rise to new classes of trajectories resulting in crossstreamline migration. Two particles moving on these new trajectories exhibit either bound or unbound states. In the first case they oscillate on closed trajectories in the center-of-mass frame. In the second case, they exhibit cross-swapping trajectories in addition to swapping trajectories which were already observed in unbounded or bounded linear shear flow. The different classes of trajectories occur depending on the initial positions of the two particles and their size. We present state diagrams in the lateral positions, where we categorize the trajectories and color code the oscillation frequencies of the bound states. Finally we discuss how the results on the two-particle system help to understand the stability of particle trains composed of several particles. © 2013 AIP Publishing LLC. [http://dx
I. INTRODUCTION
Microfluidic devices crucially depend on the precise manipulation of particles interacting hydrodynamically, such as emulsion droplets, polystyrene microbeads, biological cells, etc. [1] [2] [3] They are used in cell sorting, cell culturing, microfabrication, and as microreactors. [4] [5] [6] [7] An essential aspect for understanding these devices is the flow induced cross-streamline migration of suspended objects in confined geometries. Hydrodynamic coupling under confinement with and without imposed flow has been discussed close to a planar wall, [8] [9] [10] close to a planar fluid-fluid interface, 11 between two planar walls, 12 or in a spherical cell. 13 From a fundamental point of view cross-streamline migration gives rise to interesting dynamical patterns in particulate flow. Examples are the bimodal density distribution in dilute polymer suspensions, [14] [15] [16] characteristic phonon modes of one-dimensional microfluidic crystals in flat microchannels, [17] [18] [19] or collective dynamics in two-dimensional arrays, [20] [21] [22] as well as inertial focusing. [23] [24] [25] Also flow-induced structure formation of colloidal suspensions in shear-thinning fluids is reported. 26 In this article, we investigate the complex dynamics of a particle pair driven by Poiseuille flow in a narrow parallel-wall channel and illustrate its implications for one-dimensional particle trains. Our studies will help understanding the rheology of colloidal dispersions and their behavior under strong confinement, for example, realized by microchannels.
When moving at Reynolds numbers close to zero, single spherical particles just follow the streamlines in a laminar flow. The kinematic reversibility of the Stokes equations does not allow migration across streamlines, 27 which was explicitly demonstrated in Refs. 23 and 28. To observe crossstreamline migration, one needs a deformable object 29 such as a semiflexible polymer, [14] [15] [16] 30 an emulsion droplet, 31, 32 or a red blood cell. 33, 34 Indeed, already in 1836 Poiseuille found out that in blood flow the red blood cells migrate towards the center of a vessel. 35 Also, in dense suspensions of rigid colloids cross-streamline migration gives rise to inhomogeneous lateral particle density profiles. 36 In the famous Segré-Silberberg effect rigid spheres assemble on an annulus nearly half way between the center and the wall of a circular tube. 37 The effect was confirmed by further experiments 23, [38] [39] [40] and explained by inertial forces acting on the particles in non-zero Reynolds number flow. 24, 25, [41] [42] [43] To gain a better understanding for the rheology of a suspension of rigid particles, their relative motion is central. In 1972, Batchelor and Green 44 showed that two spheres pass each other in unbounded shear flow under creeping-flow condition and return to their initial lateral positions after a binary encounter is completed. 44 This behavior was also observed in experimental studies. 41 In bounded shear flow a different class of particle trajectories was observed. 45 Here, wall proximity gives rise to swapping trajectories (ST), where the particles do not pass each other but instead they swap their lateral positions and leave in the same direction from where they came. At non-zero Reynolds numbers these trajectories have also been observed in unconfined shear flow. [46] [47] [48] In this article we study the relative motion of two identical spherical colloids in a pressure driven Poiseuille flow. They are confined between two planar parallel walls, whose distance is comparable to the particle diameter. Several methods for evaluating hydrodynamic interactions between colloids, which are confined between two parallel walls, are used. [49] [50] [51] [52] [53] Here, we employ the grand mobility matrix which incorporates the multipole expansion of the hydrodynamic force densities acting on the particle surfaces and the lubrication correction. 8, 12, [54] [55] [56] The nonlinear dynamics of the particle pair in bounded Poiseuille flow gives rise to new classes of trajectories. Depending on their initial positions, the particles either move on oscillatory trajectories while staying bound together in the Poiseuille flow or they separate after an encounter. While the bound states have not been identified before, we also observe a new class of trajectories in the unbound state. In addition to the swapping trajectories, we find, what we call, cross-swapping trajectories (CS). Finally, using results for the two-particle systems, we illustrate the stability of particle trains.
Section II reviews details for modeling our system of particles strongly confined between two planar walls. We present our results in Sec. III where we analyze and categorize the trajectories of a particle pair. We also present our findings on the particle trains. Finally we summarize all results in Sec. IV.
II. MODELING
In this section we describe in some detail how we treat hydrodynamic interactions between force-and torque-free spherical particles in Poiseuille flow by using the grand mobility matrix for a particle configuration bounded by two parallel plates. We first define our system, present details of the Stokes equation, and then explain the multipole expansion which naturally leads to the grand mobility matrix. We also introduce the lubrication approximation for the grand mobility matrix and, finally, summarize details of our Stokesian dynamics simulations.
A. System geometry
We consider the dynamics of, in general, N force-and torque-free hard spheres, each with radius a. They are confined between two parallel planar walls at positions z = −W and z = W , which are infinitely extended in the xy plane (see Fig. 1 ). For simplicity, we initially place both particles in the yz plane at x = 0. Due to the translational symmetry along the x direction and since there are no forces and torques acting on the particles, they stay in this yz plane. 12 This reduces our computational efforts considerably. Between the walls a pressure driven Poiseuille flow is created, which we express as
where v 0 denotes the maximum velocity at the centerline (z = 0), e y is the unit vector along the y axis, and W is the distance between the centerline and the walls. 
B. Stokes equations
In the regime of low Reynolds numbers (Re 1) the creeping flow of fluid is governed by the Stokes equations, 27, 57 
where η denotes the viscosity of the fluid, p(r) is the pressure field, and v(r) is the velocity field. The force density f (r) = N j =1 f j (r) acting on the fluid is localized at the surfaces of particles j. We assume stick boundary conditions so that the fluid velocity and the particle velocity u i (r) at the surface of particle i are the same,
Here, r i denotes the position of the center of particle i, U i is the translational velocity of the center, and i is the rotational velocity.
The Stokes equations (2) can formally be solved with the help of the Green tensor T (r, r ) for the given geometry,
where v 0 (r) is a regular solution of the Stokes equations and, in our case, represents the undisturbed Poiseuille flow.
For an unbounded fluid the Green tensor is the Oseen tensor,
For a fluid bounded between two parallel planar walls, the Green tensor was first derived by Liron and Mochon in 1975 58 as an infinite series of images in order to obey the no-slip boundary condition at the two bounding walls. Here, we use an integral representation of the two-wall Green tensor derived by Jones. 12 It splits up into the Oseen tensor and a reflectional part,
C. The grand mobility matrix
The stick-boundary condition (3) together with Eq. (4) determines the surface velocity of the particle, u i (r), relative to the imposed fluid flow v 0 (r),
One projects this integral equation on an appropriate set of basis functions to obtain a system of linear algebraic equations, which connects velocity to force multipoles. 8, 12 The basis functions are solutions of the homogeneous Stokes equations, 8, 12, 59 for which two sets exist: v + lmσ (r), which is regular at r = 0, and v − lmσ (r), which is singular at r = 0. They are explicitly given in Refs. 8 and 12. The indices lmσ take the respective values l = 1, 2, 3, . . . , m = −l, −l + 1, . . . , l − 1, l, and σ = 0, 1, 2. Together with the adjoint set of basis functions w ± lmσ (r) the orthonormality condition holds, 8, 12 
where f |g = f * (r) g(r)d 3 r. Projecting Eq. (7) on the basis functions v + lmσ (r) using Eq. (8), one obtains the linear relation,
between the velocity multipole moments of sphere i,
and the force multipole moments acting on sphere j,
Here we use the short notations w
represents the Green function. One writes Eq. (9) in a symbolic notation,
where c and f are infinite dimensional vectors with respective components c(ilmσ ) and f(ilmσ ) and matrix M contains the elements M(ilmσ , jl m σ ). Inverting Eq. (13), gives
The basis functions used so far are complex. By transforming them into a real basis functions, 8 Eq. (14) becomes 8, 57, 60 
The column vector on the left-hand side contains the known force multipoles acting on the particles. Here, Since the motion of rigid bodies is completely described by U and , one only has the strain rate tensor g 0 = 1 2 (∇v 0 + (∇v 0 ) T ) and higher multipoles of the imposed flow. In case of the Poiseuille flow, the third-rank cartesian tensor
12 Finally, the grand resistance matrix contains the N × N matrices ζ ab , the elements of which are cartesian tensors ζ ab ij .
Typically, one controls forces and torques acting on particles as well as the imposed flow, while translational and rotational particle velocities are unknown. So, a partial inversion of the grand resistance matrix introduces the grand mobility matrix, 57 , 61 
and the remaining mobilities are related to the resistant matrices ζ ab .
We use them to explicitly give the translational and rotational velocities of N spherical colloids subject to external forces, torques, and an imposed Poiseuille flow,
D. L-multipole approximation and lubrication correction
In principle, all the elements of the matrices M and Z can be calculated. However, in practice the infinite-dimensional equations (13) and (14) need to be approximated to use them in simulations. In the L-multipole approximation the matrices M(ilmσ , jl m σ ), Z(ilmσ , jl m σ ) and vectors c(ilmσ ), f(ilmσ ) are truncated such that only elements with l, l ≤ L are taken into account. 8, 55 This defines approximations for the involved matrices and vectors,
and gives rise to approximated grand resistance and mobility matrices, ζ L and μ L , respectively. As long as the particles are sufficiently far from each other, the L-multipole approximation converges rapidly to the exact mobility matrix with increasing L. 8 However, for nearby particles the convergence is very slow and an alternative method is needed. Following Refs. 8, 55, and 62, we apply a lubrication correction on the level of the friction matrix.
We consider two identical spherical particles with a small distance, where the lubrication forces between them are very strong. In this case, the exact two-particle friction matrix in an unbounded fluid is evaluated using the Jeffrey-Onishi asymptotic formulas supplemented by a series expansion in the inverse particle distance. 63, 64 Then, for N spherical particles we take into account lubrication with the help of a friction matrix ζ pair which is composed of the exact two-body friction matrices of particle pairs indexed by i, j,
Now, we define a friction matrixζ L corrected by lubrication,
where the lubrication correction is given by
Here, ζ pair L is a N-particle friction matrix. It is built from two-particle friction matrices in unbounded fluid which one determines in the L-multipole approximation. It eliminates the far-field contribution from ζ pair since far-field hydrodynamic interactions are already well described by ζ L , the first term on the right-hand side of Eq. (21) . Note that for L → ∞, pair L becomes zero and ζ L converges to the exact friction matrix including lubrication. Finally, we mention that the standard lubrication correction (21) gives the incorrect largedistance asymptotics for more than two particles, for example, when nearby particles move together and interact with a distant particle. 62 Therefore, one disregards these contributions in pair L by projecting them out. For more details we refer to Ref. 62 .
In full analogy to the friction matrix ζ pair composed of the exact two-body friction matrices, one also constructs a matrix ζ wall from the exact one-particle friction matrices in the presence of the lower [ζ low (i)] and the upper wall [ζ up (i)]. The latter are calculated from the Jeffrey-Onishi asymptotic formulas in the limit that one particle is fixed and becomes infinitely large. 66 Finally, the complete L-multipole approximation for the friction matrix corrected by lubrication forces between two particles as well as between a particle and the bounding walls, is given byζ
In analogy to above, we have introduced
is composed from the L-multipole approximation for the one-particle friction matrix in the presence of the lower and the upper walls. Onceζ L in Eq. (22) is calculated, one determines the lubricationcorrected L-multipole approximation for the grand mobility matrixμ L by partial inversion.
E. Numerical implementation and parameters
In order to determine the matrices M L (ilmσ , jl m σ ) and Z L (ilmσ , jl m σ ), we closely followed the implementation described in Ref. 12, where one particle in Poiseuille flow is treated, and generalized it to N particles by appropriate modifications. Since the evaluation of M L (ilmσ , jl m σ ) at each After transforming to real basis functions and applying the lubrication correction, which we described in Sec. II D, we obtain the grand mobility matrix (16) . Since in our case the particles are force-and torque-free (F = T = 0), the equations of motion (18) simplify to
With Eq. (23) we obtain the translational and rotational velocities for all particles confined between two parallel walls and subject to Poiseuille flow. This equation is the basis for our Stokesian dynamics simulation, where for a given particle configuration X = (r 1 , . . . , r N ) we compute the angular and translational velocities and, then, update the configuration with a small timestep t = 2 × 10 −3 in units of W/v 0 .
III. RESULTS
We first investigate the nonlinear dynamics of a system of two equal-sized particles and then use our findings to interpret the dynamics of a linear array of colloids.
A. Two-particle system
We analyze the dynamics of two identical spherical colloids for different initial conditions, namely, the axial distance y 21 and the lateral positions z 1 and z 2 , as indicated in Fig. 2 . We always assume that the leading sphere 2 initially moves slower than the trailing sphere meaning |z 1 | < |z 2 |. So there will always be a binary encounter of the two colloids. Then, the other case, |z 1 | > |z 2 |, always belongs to trajectories after a binary encounter, as can be directly understood from the kinematic reversibility of the Stokes equations. 
Unbound and oscillatory bound states
In the case that the two particles cannot pass each other (2a/W > 1), we identify different types of trajectories. They are illustrated for a/W = 0.6 in Fig. 3 in the center-of-mass frame and in Videos 1-4 of the supplemental material. 67 Depending on the initial separation (but also the initial lateral positions), we observe two states of particle motion, an unbound state and an oscillatory bound state. In the unbound state the spheres approach each other, turn around, and separate [see Figs. 3(a) and 3(b) ]. They move either on ST or CS trajectories. In 1972, Batchelor and Green showed that binary encounters between two spherical particles in unbounded shear flow lead to passing trajectories (PT), where each particle returns to its initial lateral position after a binary encounter is completed. 44 The swapping trajectories were first observed by Zurita-Gotor et al. for a pair of spherical colloids in confined shear flow. 45 Here the particles migrate across the streamlines such that they exchange their lateral coordinates at the end of the binary encounter [see Fig. 3(a) ]. Hence, such particle collisions displace the spheres across the streamline of the external flow. In addition to this type of trajectories, we also observe particles moving on cross-swapping trajectories [see Fig. 3(b) ]. In contrast to swapping motion, the colloids approach closer to each other and they exchange their lateral positions crosswise meaning:
where z 1 , z 2 are the lateral positions after the binary encounter. In addition to these unbound trajectories, where the particles separate at long times, we can also observe oscillatory bound states when the initial axial distance y 21 is decreased. Here the particles oscillate on their trajectories while staying together in the Poiseuille flow [see Figs. 3(c) and 3(d) ]. The spheres move on trajectories either forming the pattern of an eight (8P) or with an oval shape (OT) when viewed in the center-of-mass frame. Figure 4 shows state diagrams for particle trajectories when the initial axial distance y 21 is fixed. We varied the initial lateral positions z 1 and z 2 and determined the type of particle trajectories as discussed in Fig. 3 . The frequencies of the oscillatory bound states are color-coded and show interesting structural features. The region of bound states concentrates around the diagonal z 2 = −z 1 . For an initial axial distance of y 21 /W = 1.3, where the spheres with radius a/W = 0.6 are nearly touching, we observe a wide region of oscillatory bound states [see Fig. 4(a) ]. The oscillatory state of type 8P occurs around z 1 ≈ 0 and z 2 ≈ 0 with smaller oscillation frequencies than in the OT type.
For initial lateral coordinates outside this region, the particles exhibit the unbound state. They either move on swapping trajectories for initial coordinates situated around the diagonal z 2 = z 1 or cross-swapping trajectories. In the gray areas the leading particle 2 in the Poiseuille flow has a larger velocity and a binary encounter and thus particle swapping does not occur. However, tracing the particles into the past, the respective swapping or cross-swapping trajectories are observed. This is clear either from the kinematic reversibility of the Stokes equations or when the direction of the Poiseuille flow is reversed. Then the leading particle 2 becomes the trailing sphere. The boundaries between white and gray areas are the diagonals z 2 = z 1 and z 2 = −z 1 . Interestingly, the region of bound 8P trajectories results from intersecting the region with oscillatory motion and the region with swapping trajectories. This makes sense since in the 8P trajectories as well as in the swapping trajectories both particles cover the same z region. Now, when we increase the initial lateral distance y 21 of the particles [see Figs. 4(a) and 4(d) ], the region of bound oscillatory states becomes narrower and the frequencies decrease until ultimately the bound states vanish completely. Obviously, the hydrodynamic coupling between the two particles is no longer strong enough to hold them together. Simultaneously, we also observe that the region of swapping trajectories expands with increasing y 21 .
Dependence on particle size
So far we analyzed particle trajectories at a fixed radius of a/W = 0.6 of the two spheres. Figure 5 shows state diagrams in z 1 , z 2 for different particle sizes at an initial axial distance of y 21 /W = 2. Small particles (a/W = 0.4) can pass each other and in the state diagram of Fig. 5(a) we indeed observe PT in addition to the trajectories reported so far.
Such passing trajectories were first observed in unbounded 44 and then bounded 45 shear flow. The particles pass each other during approach, separate again, and return to their initial cross-streamline positions (see Video 5 of the supplemental material 67 ). In Fig. 6 we show several particle trajectories. Particle 1 starts at z 1 /W = 0.05 while the lateral position z 2 of particle 2 is gradually decreased so that the transition from passing to cross-swapping trajectories takes place. In contrast to the trajectories in linear shear-flow, 45 the trajectories of both particles are not symmetric since the shear rate in Poiseuille flow varies across the streamlines. In the passing trajectories the trailing sphere 1 has a larger velocity than the leading sphere 2. The transition to cross-swapping takes place when during approach the trailing sphere migrates to a position with smaller flow velocity than the leading sphere, v 0y (z 1 ) < v 0y (z 2 ), as indicated in Fig. 6 . As a consequence, the particles separate before the passing trajectories can be completed and they move on cross-swapping trajectories. This behavior is a feature of the Poiseuille flow and cannot be observed in linear shear flow.
For larger particle sizes the passing trajectories vanish and the oscillatory state occupies a larger area in the accessible region of the z 1 , z 2 state diagram, as Figs. 5(b) and 5(c) demonstrate. So, when the confinement becomes stronger, the oscillatory bound state becomes more important.
In Fig. 7 we plot the oscillation frequencies in the bound state against the particle radius a for different initial axial distances y 21 . In plot (a) we fix the initial lateral positions to z 1 /W = 0.1 and z 2 /W = 0. Small spheres then lie outside the narrow region of the bound states [see Fig. 5(a) ] and do not oscillate (ω = 0). When the particles size increases, this region expands and at a critical radius a crit. the particle system enters the regime of the oscillating 8P trajectories. The oscillation frequency increases from zero with increasing a. Larger initial distances y 21 reduce the hydrodynamic coupling. Therefore, the spheres have to be larger to initiate the bound state and the frequency is smaller. Increasing the particle separation even further would require particle radii a/W > 1. Since this cannot be, oscillatory states do not occur anymore. In Fig. 7 (b) we choose initial lateral coordinates z 1 /W = 0.3 and z 2 /W = −0.3. They lie on the diagonal in our z 1 , z 2 state diagrams where the spheres move on oscillatory trajectories of type OT. Obviously, decreasing the particle radius to zero at fixed y 21 , the width of the oscillatory region goes to zero. This explains that the oscillation frequency also continuously approaches zero with a. With increasing axial distance y 21 , the whole curve rises less and there is a limiting axial distance y 21 ≈ 4.2 where the bound state vanishes completely.
B. Linear array of particles
Particles in bound states do not pass each other and do no separate as they do when moving on passing, swapping, or cross-swapping trajectories. This may have significant consequences for microfluidic systems, where precise manipulation of linear arrays of, e.g., nearly aligned particles is very important 3, 68 The bound two-particle states now suggest that particles in such particle trains do not aggregate when they move with slightly different velocities on different streamlines. Instead, they stay separated while moving on oscillatory trajectories. To investigate this question, we implemented linear arrays of particles as shown in Figs. 8 and 9 using approximate periodic boundary conditions. We extend the particle train to the right and to the left by a respective group of three particles which we copy to the other side of the microchannel after each time step in our simulations. In Figs. 8 and 9 , complemented by Videos 6-9 in the supplemental material, 67 we illustrate the dynamics of the particle trains.
In Fig. 8 (a) we first investigate a particle train where the particles of radii a/W = 0.6 are approximately arranged along the centerline. Each sphere starts with a small random lateral offset z i /W ∈ [−0.05, 0.05] relative to the centerline at z = 0 which may mimic experimental conditions. In addition, the initial axial distance between two neighboring particles is set to y i+1,i /W = 1.6 to ensure that they belong to the two-particle oscillatory bound state of type 8P. Indeed, the snapshots in Fig. 8(a) show that the particle train is stable. Between the snapshots the particles travel several times through the simulated piece of microchannel. The particles do not aggregate and each particle moves on an approximately oscillatory trajectory. It oscillates around the centerline as illustrated at the bottom of Fig. 8(a) , where we plot the z coordinate of the blue particle versus time. It also oscillates between its two neighbors as the y coordinate relative to the center-ofmass coordinate y C shows but with a much smaller frequency compared to the lateral direction. A closer inspection reveals slightly irregular oscillations which we attribute to the two neighboring particles. In total, these oscillations demonstrate that the particle train does not disintegrate.
In Fig. 8(b) we illustrate the dynamics of a particle train when we initially arrange the spheres in a zig-zag pattern. expect that each particle moves on a trajectory of type OT as in the two-particle bound state. Indeed, the snapshots again reveal a stable particle train. The lateral and relative axial displacements are less regular than in (a). However, they are both bound so that each particle in the center-of-mass frame moves on a restricted area similar to the two-particle trajectories of type OT.
As soon as we disturb the regular particle trains too much, they are no longer stable. We show this in Fig. 9 for the two cases of the linear (a) and the zig-zag (b) pattern. The blue Fig. 8 . Now the offset of the blue colored particle is larger so that neighboring particles belong to the unbound state.
particle starts with a sufficiently large vertical offset so that with one of its neighbors it belongs to a two-particle unbound state. Hence, all the particles no longer perform oscillatory trajectories. They approach each other and migrate across streamlines until they arrange in a zig-zag order. Here they constantly form transient clusters which then dissolve in time at the downstream end of the cluster. The completely irregular particle motion also becomes clear from the lateral position and the relative axial displacement of the blue particle plotted versus time at the bottom of Figs. 9(a) and 9(b) .
IV. SUMMARY AND CONCLUSION
We identified and analyzed the different classes of trajectories for two identical spherical colloids subject to Poiseuille flow under creeping-flow condition. The distance of the bounding walls was comparable to the particle diameter. In addition, we investigated the stability of particle trains. To treat hydrodynamic interactions between the particles, we determined the grand mobility matrix (16) using a multipole expansion for the hydrodynamic force densities induced on the particle surfaces. To be sufficiently accurate, we included multipoles up to the fifth order and applied a lubrication correction to the friction matrix.
Two identical particles move either in an unbound or an oscillatory bound state depending on their initial separation and lateral positions in the microchannel. In the unbound state the spheres follow swapping-, cross-swapping, or even passing trajectories when the particles are sufficiently small. Whereas the passing and swapping trajectories were already observed in bounded linear shear flow, 45 the cross-swapping trajectories are a distinct feature of the bounded Poiseuille flow. Here, the particles move first on passing trajectories until the trailing sphere migrates to a lateral position with lower velocity compared to the leading particle. As a consequence, the particles separate before they can pass each other. For initial small axial distances y 21 even bound states exist which do not occur in linear shear flow. Here, the particles follow oscillatory trajectories while staying together in the Poiseuille flow. Depending on the initial lateral positions, they move on trajectories tracing either an eight or an oval shape. To categorize the different states of motion, we provided state diagrams in the lateral positions for different initial axial distances and also analyzed how the diagrams changed with the particle radii. In addition, we determined the oscillation frequencies in the bound states.
Particles moving on bound oscillatory trajectories do not separate which may have significant consequences for microfluidic systems. The bound two-particles states can explain why particle trains that either are nearly straight or have a zigzag pattern are stable. Defects in these ordered particle trains correspond to particles with distinctly different flow velocities so that the particle trains become unstable. They disintegrate and aggregate to transient clusters. Thus, a proper understanding of the migration pattern in the two-particle bound state may contribute towards finding better methods of controlling particle motion in microfluidic devices.
